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Abstract
We study n+ 3-point correlation functions of exponential fields in Liouville field theory with
n degenerate and 3 arbitrary fields. An analytical expression for these correlation functions is
derived in terms of Coulomb integrals. The application of these results to the minimal Liouville
gravity is considered.
1 Liouville field theory
Last years since the seminal paper of A. Polyakov [1] Liouville field theory (LFT) attracts a lot of
attention mainly due to it deep relation with the theory of bosonic strings in noncritical dimensions.
LFT gives an example of non-rational CFT, which has different physical applications. Some results
derived in LFT and minimal Liouville gravity can be compared with the results coming from the
matrix models [2–8]. For the special set of fields (so called degenerate fields) the correlation functions
in LFT are simply related to the correlation functions in the minimal models of CFT, which describe
critical behavior of many interesting two-dimensional statistical systems.
Liouville field theory is described by local Lagrangian density
L =
1
4π
(∂aϕ)
2 + µe2bϕ (1.1)
with holomorphic stress-energy tensor
T (z) = −(∂zϕ)
2 +Q∂2zϕ,
which ensures local conformal invariance of the theory with central charge cL, parameterized in terms
of coupling constant b as
cL = 1 + 6Q
2, (1.2)
where Q = b+ b−1. The scale parameter µ in Eq (1.1) is called the cosmological constant.
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Basic objects in this theory are the exponential fields parameterized by a continuous parameter α
Vα(z, z¯) = e
2αϕ, (1.3)
which are the primary fields of the Virasoro algebra generated by stress-energy tensor T (z) with the
conformal dimensions ∆L(α) = α(Q− α). Here and later z is a complex coordinate on a plane
z = x1 + ix2.
To simplify the notations we write the primary field defined by Eq (1.3) simply as Vα(z) and denote
d2z = dx1dx2.
The important property of LFT is that the fields Vα and VQ−α have the same conformal dimension and
really represent the same conformal field. It means, that they are related by a linear transformation
Vα = R(α)VQ−α, (1.4)
with function
R(α) =
(πµγ(b2))(Q−2α)/b
b2
γ(2bα− b2)
γ(2− 2α/b+ 1/b2)
,
which is known as the reflection amplitude. Here and later we use the notation
γ(x) = Γ(x)/Γ(1− x). (1.5)
In this paper we consider the correlation functions in LFT, which contains three arbitrary and n
degenerate fields. Degenerate fields in LFT correspond to the primary fields Vα(z) with the value of
parameter α1
α = −
mb
2
−
nb−1
2
m,n = 0, 1, 2, . . . . (1.6)
To do all formulae of this paper more transparent we consider only the case n = 0. The correlation
functions with n 6= 0 have more tedious form and we suppose to consider them in other publication.
In is well known, that four-point correlation function with degenerate field V−mb/2(z) in LFT
satisfy m + 1 order differential equation in each of the variable z and z¯ [9]. The explicit form for
this function determines the integral representation for the solution to this differential equation. The
correlation functions with three arbitrary fields and more than one degenerate fields satisfy already
the system of differential equations in partial derivatives and the possibility to write the solution to
this system in terms of finite-dimensional integrals is not evident. The solution to the conformal
bootstrap problem for these correlation functions in terms of finite dimensional Coulomb integrals
is the main result of this paper. In the case when more than three fields are non-degenerate the
correlation function contains an infinite number of conformal blocks and there is no reason to expect,
that it can be written as finite-dimensional integral. In this paper we express the multipoint correlation
functions in terms of the integrals over the whole plane. In the region of convergency these integrals
define completely correlation functions. Outside this region they should be understood in the sense of
analytical continuation. This continuation can be performed for example by rewriting integrals over
plane in terms of contour integrals, as it was described in [10, 11] (see also the appendix B).
The correlation functions in LFT with three arbitrary and m degenerate fields have many different
applications. In LFT (or in minimal models of CFT) perturbed by degenerate field they give the
possibility to express the perturbative corrections to the three-point correlation functions (structure
constants of operator product expansion) in terms of finite-dimensional integrals. Even in the minimal
1Equation (1.6) should be understood modulo transformation (1.4).
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models of CFT [9], where for all non-zero correlation functions the screening condition is satisfied, our
results give independent integral representation (which in many cases is simpler), where the number
of integrations does not depend on three arbitrary fields. These multipoint correlation functions also
appear and play an important role in studying of the conformal Toda field theory. We suppose to
discuss the application of multipoint correlation functions in LFT to perturbed CFT and conformal
Toda field theory in other publication. Here in section 2 we briefly consider the application of these
functions to the minimal Liouville gravity.
Multipoint correlation functions in LFT are rather complicated objects, however as it was noticed
in [13], any multipoint correlation function 〈Vα1(z1) . . . Vαm(zm)〉 exhibits a pole in the variable
α =
m∑
k=1
αk (1.7)
if the screening condition is satisfied
α = Q− nb (1.8)
with a residue being expressed in terms of 2n-dimensional Coulomb integral2. Namely,
res
α=Q−nb
〈Vα1(z1) . . . Vαm(zm)〉 = (−πµ)
n
∏
i<j
|zi − zj |
−4αiαj
∫ n∏
j=1
m∏
k=1
|tj − zk|
−4bαkD−2b
2
n (t)d
2~tn, (1.9)
where Dn(t) is modulus square of Vandermonde determinant
Dn(t) =
n∏
i<j
|ti − tj |
2. (1.10)
Throughout this paper we use the notation for measure
d2~tn =
1
πnn!
n∏
k=1
d2tk. (1.11)
In the case of three points, integral in the r. h. s. of (1.9) reads3
In(α1, α2, α3) =
∫ n∏
k=1
|tk|
−4bα1 |tk − 1|
−4bα2D−2b
2
n (t) d
2~tn. (1.12)
Integral (1.12) was calculated exactly in [11]. Here we give the different derivation (simplest to our
knowledge), based on the integral relation [14], which will be useful in the following∫
Dn(y)
n∏
i=1
n+m+1∏
j=1
|yi − tj|
2pj d2~yn =
=
∏
j γ(1 + pj)
γ(1 + n+
∑
j pj)
∏
i<j
|ti − tj |
2+2pi+2pj
∫
Dm(u)
m∏
i=1
n+m+1∏
j=1
|ui − tj |
−2−2pj d2~um. (1.13)
Namely, one should apply identity (1.13) for m = 0 from the right to the left and substitute
D−2b
2
n (t) = Dn(t)
γ(−nb2)
γn(−b2)
∫
Dn−1(y)
n−1∏
i=1
n∏
j=1
|yi − tj |
−2−2b2d2~yn−1 (1.14)
2The integrand in Eq (1.9) represents the expectation value of the fields Vαk with n screening fields Vb(ti) over the
massless free-field vacuum state.
3Using projective invariance, one can set z1 = 0, z2 = 1 and z3 =∞ in Eq (1.9).
3
in r. h. s. of Eq (1.12). After that, integral over variables tj can be again calculated using Eq (1.13).
The remaining integral over yi will be of the same type as (1.12), but with lower number of integrations.
As result, we derive the functional relation
In(α1, α2, α3) =
(
γ(−nb2)
γ(−b2)
)
1
γ(2bα1)γ(2bα2)γ(2bα3 + (n− 1)b2)
In−1(α1 + b/2, α2 + b/2, α3). (1.15)
Repeating this procedure n times, we obtain that
In(α1, α2, α3) =
n∏
k=1
(
γ(−kb2)
γ(−b2)
) n−1∏
j=0
1
γ(2bα1 + jb2)γ(2bα2 + jb2)γ(2bα3 + jb2)
. (1.16)
Functional relation (1.15) can be used to continue In(α1, α2, α3) to the non-integer n (the number of
screenings Vb). Namely, one can substitute
n = (Q− α1 − α2 − α3)/b (1.17)
into Eq (1.15) and consider it, as a functional relation for the three-point function C(α1, α2, α3), which
satisfies the condition that
res
α=Q−nb
C(α1, α2, α3)
def
= (−πµ)nIn(α1, α2, α3). (1.18)
Functional relation (1.15), where n is substituted by Eq (1.17), together with residue condition (1.18)
allow us to find this quantity. An analytical expression for C(α1, α2, α3) was proposed in [15–17] (see
also [18])
C(α1, α2, α3) =
[
πµγ(b2)b2−2b
2
] (Q−α)
b Υ′(0)
∏3
k=1Υ(2αk)
Υ(α−Q)
∏3
k=1Υ(α− 2αk)
, (1.19)
here Υ(x) is entire selfdual with respect to b→ b−1 function satisfying functional relations
Υ(x+ b) = γ(bx)b1−2bxΥ(x)
Υ(x+ b−1) = γ(b−1x)b2b
−1x−1Υ(x)
(1.20)
and defined by the integral
log Υ(x) =
∫
∞
0
dt
t
[(Q
2
− x
)2
e−t −
sinh2
(
Q
2
− x
)
t
2
sinh bt
2
sinh t
2b
]
. (1.21)
This function is symmetric Υ(x) = Υ(Q− x) and has zeros in points
x =
{
−mb − nb−1,
Q +mb+ nb−1,
m, n = 0, 1, 2, . . . (1.22)
It is easy to see, that function C(α1, α2, α3) satisfies relation (1.15), where n is defined by Eq (1.17).
In the case of four points, the correlation function has much more complicated analytical struc-
ture. The situation simplifies, however, in the case, when one of the parameters αk = −mb/2 with
m = 0, 1, 2, . . . For these values of parameters, field V−mb/2(z) is degenerate at the level m + 1 and
four-point correlation function satisfies differential equation of the same order in each variable z and
z¯. It gives a reason to expect, that it can be represented by finite-dimensional integral. To find this
integral representation we start from the case when the condition
−mb/2 + α1 + α2 + α3 + nb = Q (1.23)
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is satisfied, i. e. the correlation function possesses a pole in the variable α = α1 + α2 + α3 with the
residue
res
α=Q−nb+mb/2
〈V
−
mb
2
(z)Vα1(0)Vα2(1)Vα3(∞)〉 = (−πµ)
n|z|2mbα1 |z − 1|2mbα2J (n)m (α1, α2, α3|z) (1.24)
with
J (n)m (α1, α2, α3|z) =
∫ n∏
k=1
|tk|
−4bα1 |tk − 1|
−4bα2 |tk − z|
2mb2D−2b
2
n (t)d
2~tn, (1.25)
here n is the number of screening fields Vb. One can reduce the number of integrations in Eq (1.25)
by multiple application of relation (1.13)4. Namely, it can be shown [19], that integral (1.25) satisfies
the following remarkable property
J (n)m (α1, α2, α3|z) = Ω
n
m(α1, α2, α3)J
(m)
n (α˜1, α˜2, α˜3|z), (1.26)
with α˜k = αk + (n−m)b/2 and
Ωnm(α1, α2, α3) =
n−m∏
k=1
(
γ(−(k +m)b2)
γ(−b2)
) n−m−1∏
j=0
1
γ(2bα1 + jb2)γ(2bα2 + jb2)γ(2bα3 + jb2)
. (1.27)
Now, n appears in the integral J
(m)
n (α˜1, α˜2, α˜3|z) as a parameter and we can easily perform continuation
to the non-integer n related with α by Eq (1.23). Continuation of the factor Ωnm(α1, α2, α3) should be
done in a such a way, that
res
α=Q−nb+mb/2
Ωm(α1, α2, α3) = (−πµ)
nΩnm(α1, α2, α3).
As a result, we obtain the following expression for the four-point function with one degenerate field in
LFT
〈V
−
mb
2
(z)Vα1(0)Vα2(1)Vα3(∞)〉 = Ωm(α1, α2, α3) |z|
2mbα1 |z − 1|2mbα2 Jm(A,B,C|z), (1.28)
Jm(A,B,C|z) =
∫ m∏
k=1
|tk|
2A|tk − 1|
2B|tk − z|
2CD−2b
2
m (t) d
2~tm (1.29)
with
A = b (α− 2α1 −Q+mb/2) , B = b (α− 2α2 −Q +mb/2) , C = b (Q+mb/2 − α)
and normalization constant Ωm(α1, α2, α3) is
Ωm(α1, α2, α3) = (−πµ)
m
[
πµγ(b2)b2−2b
2
] (Q−α−mb/2)
b Υ′(−mb)
∏3
k=1Υ(2αk)
Υ(α−Q− mb
2
)
∏3
k=1Υ(α− 2αk +
mb
2
)
, (1.30)
here α = α1 + α2 + α3.
It is possible to generalize results (1.19) and (1.29) for multipoint correlation functions. For exam-
ple, for five-point correlation function with two degenerate fields
〈V
−
m1b
2
(z1)V
−
m2b
2
(z2)Vα1(0)Vα2(1)Vα3(∞)〉
4We suppose for a moment, that n ≥ m.
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one can obtain the following expression
〈V
−
m1b
2
(z1)V
−
m2b
2
(z2)Vα1(0)Vα2(1)Vα3(∞)〉 = Ωm1m2(α1, α2, α3)|z1|
2m1bα1 |z1 − 1|
2m1bα2×
× |z2|
2m2b(Q−α1) |z2 − 1|
2m2b(Q−α2) |z1 − z2|
−m1m2b2Jm1m2(A,B,C|z1, z2), (1.31)
where
Jm1m2(A,B,C|z1, z2) =
∫
D−2b
2
m1
(t) D−2b
2
m2
(y)
m1∏
j=1
m2∏
k=1
|tj − yk|
2b2
m1∏
j=1
|tj |
2A |tj − 1|
2B |tj − z1|
2C d2~tm1×
×
m2∏
k=1
|yk|
−2(1+b2+A) |yk − 1|
−2(1+b2+B) |yk − z2|
−2(1−(m1+m2−1)b2+C) d2~ym2 , (1.32)
with
A = b
(
α− 2α1−Q+
(m1 −m2)b
2
)
; B = b
(
α− 2α2−Q+
(m1 −m2)b
2
)
; C = b
(
Q+
(m1 +m2)b
2
−α
)
and normalization factor Ωm1m2(α1, α2, α3) is equal
Ωm1m2(α1, α2, α3) = (−πµ)
m1+m2
[
πµγ(b2)b2−2b
2
] (Q−α−(m1+m2)b/2)
b Υ′(−m1b)Υ′(−m2b)
Υ′(0)
×
×
Υ
(
α−Q+ (m1−m2)b
2
)
Υ
(
α−Q+ (m1+m2)b
2
)
Υ
(
α−Q− (m1+m2)b
2
) 3∏
k=1
Υ(2αk)
Υ
(
α− 2αk +
(m1−m2)b
2
) . (1.33)
We note that the integral for five-point correlation function (1.32) has a hidden sl(3) structure. Namely,
Coulomb interaction between point ti and yj in the first three terms in (1.32) can be described by
Cartan matrix of the Lie algebra sl(3). The integrals with that type of Coulomb interaction appear
in conformal Toda field theory [12]. Similar sl(m+ 1) structure appears in the Coulomb integrals for
m+ 3-point correlation function with three arbitrary fields.
In principle, it is possible to find analytical expression for any k+3-point correlation function with
k degenerate and three arbitrary fields. For these purpose it is sufficient to write down the integral
representation for the correlation function with m fields V
−
b
2
〈V
−
b
2
(z1) . . . V− b
2
(zm)Vα1(0)Vα2(1)Vα3(∞)〉, (1.34)
because correlation function with arbitrary degenerate fields can be obtained from this function using
the fusion property
V
−
m1b
2
(z)V
−
m2b
2
(0) = |z|−m1m2b
2
V
−
(m1+m2)b
2
(0) + . . . (1.35)
The explicit expression for the correlation function (1.34) can be written in terms of auxiliary function
(kernel) K∆m(t1, .., tm|y1, .., ym), which is symmetric function of variables tk and yk and does not change
under the permutation tk ↔ yk. The last two properties are not evident from the explicit form of
the function K∆m(t1, .., tm|y1, .., ym), but they can be proved. This function is given by the m(m− 1)-
dimensional Coulomb integral and can be derived from the recurrent formula5
K∆m(t1, .., tm|y1, .., ym) =
γ(−mb2)
γm(−b2)
D1+2b
2
m (t)
m∏
k=1
|tk − y1|
2∆×
×
∫
Dm−1(τ)
m−1∏
j=1
|τj − y1|
−2∆+2b2
m∏
k=1
|τj − tk|
−2−2b2K∆+b
2
m−1 (τ1, .., τm−1|y2, .., ym) d
2~τm−1. (1.36)
5To make sense of this formula we set K∆0 = 1.
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We give the derivation of this function for the cases m = 1 and m = 2 and describe the general
procedure for m > 2 in the Appendix A.
Being rather complicated this function has simple semiclassical asymptotic at b → 0 while ∆
keeping fixed
K∆m(t1, .., tm|y1, .., ym) −→
b→0
1
m!
[
|t1 − y1|
2∆|t2 − y2|
2∆ . . . |tm − ym|
2∆ + symmetrization
]
. (1.37)
In order to clarify Eq (1.36) we give first three examples. Function K∆1 (t|y) is the simplest one
K∆1 (t|y) = |t− y|
2∆. (1.38)
Function K∆2 (t1, t2|y1, y2) is given by two-dimensional integral
K∆2 (t1, t2|y1, y2) =
γ(−2b2)
γ2(−b2)
|t1 − t2|
2+4b2 |t1 − y1|
2∆|t2 − y1|
2∆×
×
∫
|ξ − y1|
−2∆+2b2 |ξ − y2|
2∆+2b2 |ξ − t1|
−2−2b2 |ξ − t2|
−2−2b2 d2~ξ1. (1.39)
Symmetry properties of the kernel (1.39) can be verified using integral relation (B.2). Function
K∆3 (t1, t2, t3|y1, y2, y3) is given by six-dimensional Coulomb integral
K∆3 (t1, t2, t3|y1, y2, y3) =
γ(−2b2)γ(−3b2)
γ5(−b2)
D1+2b
2
3 (t)
3∏
k=1
|tk − y1|
2∆×
×
∫
D2+2b
2
2 (ν)
2∏
k=1
|νk − y1|
−2∆+2b2 |νk − y2|
2∆+2b2
3∏
j=1
|νk − tj |
−2−2b2 d2~ν2
|ξ − y2|
−2∆|ξ − y3|
2∆+4b2|ξ − ν1|
−2−2b2 |ξ − ν2|
−2−2b2 d2~ξ1 (1.40)
and so on.
Correlation function (1.34) can be expressed in terms of the kernel (1.36) as:
〈V
−
b
2
(z1) . . . V− b
2
(zm)Vα1(0)Vα2(1)Vα3(∞)〉 = Ωm(α1, α2, α3)
m∏
k=1
|zk|
2bα1 |zk − 1|
2bα2×
×
∏
i<j
|zi − zj |
−b2
∫ m∏
k=1
|tk|
2A|tk − 1|
2BKCm(t1, .., tm|z1, .., zm)D
−2b2
m (t) d
2~tm (1.41)
where
A = b (α− 2α1 −Q +mb/2) , B = b (α− 2α2 −Q +mb/2) , C = b (Q+ (2−m)b/2− α) , (1.42)
and normalization factor Ωm(α1, α2, α3) is given by Eq (1.30).
Kernel (1.36) despite its complicated form has many remarkable properties, which allow to obtain
correlation function for higher degenerate fields V−mb/2. For example it has very simple asymptotic at
the limit yk → z
K∆m(t1, .., tm|z, .., z) =
m∏
k=1
|tk − z|
2∆+2(m−1)b2 . (1.43)
Using (1.43) we can obtain from Eq (1.41) expression for the four-point function (1.28). Another
important property of the kernel (1.36) is given by Eq (B.3). If we consider 2m-dimensional integral
(1.41) with m = m1 +m2 and ”factorise” it using (B.3) to 2m1 and 2m2 dimensional integrals; then
applying Eq (1.43) we derive the expression for the five-point correlation function (1.31).
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2 Application: minimal Liouville gravity
In this section we consider minimal Liouville gravity, where the matter part of theory is described by
generalized minimal model (GMM) of CFT [4] with central charge
cM = 1− 6
(
b− b−1
)2
, (2.1)
coupled to the LFT in such a way, that cL + cM = 26. GMM theory includes a continuous number of
primary fields Φα with conformal dimensions ∆M(α) = α(α+b−b−1). Multipoint correlation functions
of these fields posses integral representation if the screening condition for matter fields is satisfied, i. e.
m∑
k=1
αk − nb = b
−1 − b, (2.2)
then6
〈Φα1(z1) . . .Φαm(zm)〉 =
1
N(b−1 − b)
m∏
k=1
N(αk)
∏
i<j
|zi−zj |
4αiαj
∫ n∏
j=1
m∏
k=1
|tj−zk|
−4bαkD2b
2
n (t)d
2~tn (2.3)
where the normalization factor
N(α) =
(
−γ(−b2)
)
−
α
b
[
γ(2b−1α− b−2 + 2)
γ(2bα + b2)
γ(b2)
γ(2− b−2)
] 1
2
(2.4)
is chosen in such a way that
〈Φα(z)Φα(z
′)〉 = |z − z′|−4∆M (α). (2.5)
One of the main problems in minimal Liouville gravity is to calculate correlation functions of
operators
Uα = Φα−bVα, (2.6)
which have conformal dimension ∆L(α) + ∆M(α − b) = 1 and hence (1, 1) form Uα(z)d2z can be
integrated in an invariant way. Integrated n-point correlation functions are invariant objects, which
depend only on parameters αk. Due to the group of diffeomorphism SL(2, C), which is the symmetry
of the theory, the number of integrations in m + 3–point correlation function can be reduced to m.
Namely, we can fix the coordinates of any three fields at the points 0, 1 and∞. In this way correlation
function (or more correctly correlation number) of integrated operators Uα can be defined as
〈〈Uα1 . . . Uαm+3〉〉
def
=
1
ZL
∫
〈Vα1(z1) . . . Vαm(zm)Vαm+1(0)Vαm+2(1)Vαm+3(∞)〉×
× 〈Φα1−b(z1) . . .Φαm−b(zm)Φαm+1−b(0)Φαm+2−b(1)Φαm+3−b(∞)〉 d
2z1 . . . d
2zm, (2.7)
where ZL is Liouville partition function [4]
ZL =
(
πµγ(b2)
)Q/b (1− b2)
π3γ(b2)γ(b−2)Q
. (2.8)
Three-point correlation function of the fields Uαk does not contain integration and has simple
factorized form [4]
〈〈Uα1Uα2Uα3〉〉 = b
−2(b−4 − 1)
3∏
k=1
N (αk), (2.9)
6We note that central charge cM , conformal dimension ∆M (α), screening condition (2.2) and correlation function
(2.3) (up to normalization) can be derived from the corresponding values in LFT by the substitution b → −ib and
αk → iαk.
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where we have introduced so called leg-factor [5, 6]
N (α) = π
(
πµγ(b2)
)
−α/b
[
γ(2bα− b2)γ(2b−1α− b−2)
γ(1− b2)γ(2− b−2)
] 1
2
. (2.10)
Four-point function (2.7) contains one integration over z. We consider particular four-point function
〈〈U
−
mb
2
Uα1Uα2Uα3〉〉, (2.11)
which contains one degenerate Liouville field V
−
mb
2
and hence Liouville part of correlation function is
rather simple and is given by the integral (1.29). However matter part of this correlation function
remains complicated. To simplify it we suppose, that in matter sector the screening condition is
satisfied
−mb/2 + α1 + α2 + α3 − 4b− nb = b
−1 − b. (2.12)
In this case due to Eq (2.3) matter part of the correlation function is given in terms of 2n dimensional
Coulomb integral. Under these two assumptions correlation function (2.11) can be expressed in terms
of 2(n+m+1) dimensional integral (modulo numerical factors, which come from Eqs (1.28) and (2.3))
Gnm(α1, α2, α3) =
∫
D−2b
2
m (t) D
2b2
n (ξ)
m∏
j=1
|tj |
2(m+n+2)b2−4bα1 |tj − 1|
2(m+n+2)b2−4bα2 |tj − z|
−2(n+2)b2×
× |z|2(m+2)b
2
−4bα1 |z − 1|2(m+2)b
2
−4bα2 |ξj|
−4b(α1−b)|ξj − 1|
−4b(α2−b)|ξj − z|
2(m+2)b2d2~tm d
2~ξn d
2z. (2.13)
Integral (2.13) has very simple structure of poles in each of the variables αi and can be calculated
exactly (see Ref [19]) with the result
Gnm(α1, α2, α3) = π(m+ 1) (n+ 1)
m+1∏
j=1
(
γ(−jb2)
γ(−b2)
) n+1∏
j=1
(
γ(jb2)
γ(b2)
)
×
×
m+n+2∏
j=2
[
γ(2bα1 − jb
2)γ(2bα2 − jb
2)γ(2bα3 − jb
2)
]
−1
. (2.14)
Taking together all normalization factors coming from Eqs (1.28) and (2.3) we arrive at a final simple
result
〈〈U
−
mb
2
Uα1Uα2Uα3〉〉 = b
−2(b−4 − 1)
4∏
k=1
N (αk) (m+ 1)(n+ 1), (2.15)
where α4 = −mb/2. Formula (2.15) is valid in the domain of convergency of the integral (2.13)
Q + b <
4∑
k=1
αk < 2Q−mb; (m+ 1)b/2 < αj < Q/2 j = 1, 2, 3. (2.16)
In this domain one can express the number of screenings n from Eq (2.12).
Five-point function (2.7) will have two integration over variables z1 and z2. We consider the
particular correlation function, which contains two degenerate Liouville fields
〈〈U
−
m1b
2
U
−
m2b
2
Uα1Uα2Uα3〉〉 (2.17)
and assume again, that in the matter sector we have screening condition
−m1b/2−m2b/2 + α1 + α2 + α3 − 5b− nb = b
−1 − b. (2.18)
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In this case correlation function (2.17) can be expressed in terms of 2(m1 +m2 + n + 2) dimensional
integral (modulo numerical factors, which come from Eqs (1.31) and (2.3))
Gnm1m2(α1, α2, α3) =
∫
Jm1m2(A,B,C|z1, z2) |z1|
2(m1+2)b2−4bα1 |z1 − 1|
2(m1+2)b2−4bα2×
× |z2|
−2+2(m2+1)(1+2b2−2bα1) |z2 − 1|
−2+2(m2+1)(1+2b2−2bα2)|z1 − z2|
2(m1+m2+2)b2
n∏
j=1
|ξj|
−4b(α1−b)|ξj − 1|
−4b(α2−b)|ξj − z1|
2(m1+2)b2 |ξj − z2|
2(m2+2)b2D2b
2
n (ξ)d
2~ξn d
2z1 d
2z2, (2.19)
where function Jm1m2(A,B,C|z1, z2) is given by Eq (1.32) with
A = (m1 + n + 3)b
2 − 2bα1, B = (m1 + n + 3)b
2 − 2bα2, C = −(n + 3)b
2.
This integral as a function of the parameters αi also has simple structure of poles and can be calculated
exactly with the result
Gnm1m2(α1, α2, α3) = π
2(m1+1) (m2+1) (n+1)(n+2)
m1+1∏
j=1
(
γ(−jb2)
γ(−b2)
)m2+1∏
j=1
(
γ(−jb2)
γ(−b2)
) n+2∏
j=1
(
γ(jb2)
γ(b2)
)
×
m2∏
j=1
γ
(
(m1 + n+ 2 + j)b
2
) m1+n+3∏
j=2
[
γ(2bα1 − jb
2)γ(2bα2 − jb
2)γ(2bα3 − jb
2)
]
−1
. (2.20)
Collecting all needed factors one obtains a simple result for five-point correlation function
〈〈U
−
m1b
2
U
−
m2b
2
Uα1Uα2Uα3〉〉 = b
−2(b−4 − 1)
5∏
k=1
N (αk) (m1 + 1)(m2 + 1)(n+ 1)(n+ 2), (2.21)
where α4 = −m1b/2 and α5 = −m2b/2. Result (2.21) is valid in the domain of convergency of the
integral (2.19)
Q+ 2b <
5∑
k=1
αk < 2Q− (m1 +m2)b; (m1 +m2 + 1)b/2 < αj < Q/2 j = 1, 2, 3. (2.22)
Eqs (2.9), (2.15) and (2.21) can be easily generalized. Let us consider k + 3–point correlation
function with k degenerate Liouville fields
〈〈U
−
m1b
2
. . . U
−
mkb
2
Uα1Uα2Uα3〉〉 (2.23)
and assume, that in the matter sector we have screening condition (compare with Eqs (2.12) and
(2.18))
−m1b/2− · · · −mkb/2 + α1 + α2 + α3 − (k + 3)b− nb = b
−1 − b. (2.24)
It looks reasonable to expect, that there exist a domain in the space of parameters αk, where Eqs
(2.9), (2.15) and (2.21) admit straitforward generalization
〈〈U
−
m1b
2
. . . U
−
mkb
2
Uα1Uα2Uα3〉〉 = b
−2(b−4 − 1)
k+3∏
j=1
N (αj)
k∏
j=1
(mj + 1)(n+ j), (2.25)
where we have set αj+3 = −mjb/2.
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All results of this paper can be rewritten in the ”dual” case, where we consider k+3-point correlation
function with k degenerate matter fields Φmjb/2, i. e. correlator
〈〈U (m1+2)b
2
. . . U (mk+2)b
2
Uα1Uα2Uα3〉〉 (2.26)
and assume that in the Liouville sector the screening condition is satisfied
m1b/2 + · · ·+mkb/2 + α1 + α2 + α3 + kb+ nb = b+ b
−1, (2.27)
i. e. Liouville part of correlation function (2.26) is given by 2n-dimensional integral due to Eq (1.9).
In this case the matter part of correlation function (2.26)
〈Φm1b
2
. . .Φmkb
2
Φα1−bΦα2−bΦα3−b〉 (2.28)
can be represented by the integrals, similar to those, which were derived in the previous section for
LFT. Namely, integrals for k + 3-point correlation function in GMM with k degenerate field Φmjb/2
and three arbitrary fields Φαj can be obtained by substitution αj → iαj and b → −ib into integrals
for k + 3-point function in the LFT with k degenerate and three arbitrary fields Vαj (note that in
correlation function (2.28) parameters αj are shifted αj → αj − b). However overall numerical factor
will be given by another expression. This factor for the case of four-point correlation function can be
found in Ref [19], where four-point correlation function (2.26) were considered.
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Appendix A. Calculation of the kernel
In this section we give some hints how to derive Eq (1.41). The idea is completely analogous to that,
which was used for derivation of three-point correlation function in section 1. We start with correlation
function
〈V
−
b
2
(z1) . . . V− b
2
(zm)Vα1(0)Vα2(1)Vα3(∞)〉, (A.1)
and assume, that the screening condition is satisfied, i. e.
−
mb
2
+ α1 + α2 + α3 + nb = Q. (A.2)
As a consequence of Eq (1.9) this correlation function is expressed in terms of 2n-dimensional Coulomb
integral
J(n)m (A,B|z1, .., zm) =
∫ n∏
k=1
|tk|
2A|tk − 1|
2B
m∏
j=1
|tk − zj |
−2gD2gn (t) d
2~tn, (A.3)
where we have set for shortness
A = −2bα1, B = −2bα2, g = −b
2. (A.4)
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The main idea is to apply identity (1.13) several times and reduce integral (A.3) to another integral
with number of integrations, which does not depend on the number of screenings n (dependence on n
appears in this integral as a parameter). After that one can continue this integral to the non-integer
value of n expressing n from Eq (A.2).
We show how does it work for the cases of four and five point correlation functions. Below in
this appendix we use identity (1.13) many times and for shortness, we omit irrelevant factors from γ
functions7.
Four-point function. In the case of four-point function we have integral
J
(n)
1 (A,B|z) =
∫ n∏
k=1
|tk|
2A|tk − 1|
2B|tk − z|
−2gD2gn (t) d
2~tn. (A.5)
To start, we use identity (1.13) from the right to the left and substitute
D2gn (t) ∼ Dn(t)
∫
Dn−1(y)
n−1∏
i=1
n∏
j=1
|yi − tj|
−2+2gd2~yn−1 (A.6)
into Eq (A.5). In Eq (A.6) and below sign ∼ means, that we have omitted irrelevant numerical factors
(compare with Eq (1.14), where this factor is given explicitly). After that using again identity (1.13)
we can perform integration over the variables tk and convert this integral to the 2 dimensional integral
over auxiliary variable ξ
∫ n∏
k=1
|tk|
2A|tk − 1|
2B|tk − z|
−2g
n−1∏
j=1
|tk − yj |
−2+2gDn(t)d
2~tn ∼ |z|
2(1+A−g)|z − 1|2(1+B−g)×
×
n−1∏
k=1
|yk|
2(A+g)|yk − 1|
2(B+g)D2g−1n−1 (y)
∫
|ξ|−2−2A|ξ − 1|−2−2B|ξ − z|−2+2g
n−1∏
j=1
|ξ − yj|
−2g d2ξ. (A.7)
As a result we obtain the following relation between integrals J
(n)
1 and J
(n−1)
1
J
(n)
1 (A,B|z) ∼ |z|
2(1+A−g)|z − 1|2(1+B−g)×
×
∫
|ξ|−2(1+A)|ξ − 1|−2(1+B)|ξ − z|−2+2g J(n−1)1 (A+ g, B + g|ξ) d
2ξ. (A.8)
Applying relation (A.8) again we obtain
J
(n)
1 (A,B|z) ∼ |z|
2(1+A−g)|z − 1|2(1+B−g)×
×
∫
|ξ − z|−2+2g|ν|−2(1+A+g)|ν − 1|−2(1+B+g)|ν − ξ|−2+2gJ(n−2)1 (A+ 2g, B + 2g|ν) d
2ξ d2ν. (A.9)
Integral over d2ξ can be easily performed and up to trivial factor is equal to |ν − z|−2+4g. As a result
we obtain relation between integrals J
(n)
1 and J
(n−2)
1
J
(n)
1 (A,B|z) ∼ |z|
2(1+A−g)|z − 1|2(1+B−g)×
×
∫
|ν|−2(1+A+g)|ν − 1|−2(1+B+g)|ν − z|−2+4g J(n−2)1 (A + 2g, B + 2g|ν) d
2ν. (A.10)
7It is easily to restore these factors in the final answer from general principles.
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Equations (A.8) and (A.10) can be easily written after arbitrary number k of applications of our
procedure
J
(n)
1 (A,B|z) ∼ |z|
2(1+A−g)|z − 1|2(1+B−g)×
×
∫
|ν|−2(1+A+(k−1)g)|ν − 1|−2(1+B+(k−1)g)|ν − z|−2+2kg J(n−k)1 (A+ kg, B + kg|ν) d
2ν. (A.11)
In particular, for k = n we have
J
(n)
1 (A,B|z) ∼ |z|
2(1+A−g)|z − 1|2(1+B−g)
∫
|ν|−2(1+A+(n−1)g)|ν − 1|−2(1+B+(n−1)g)|ν − z|−2+2ngd2ν ∼
∼
∫
|τ |2(A+(n−1)g)|τ − 1|2(B+(n−1)g)|τ − z|−2ng d2τ. (A.12)
In the last line in Eq (A.12) we transformed integral over variable ν using identity (1.13). Integral
(A.12) can be rewritten using definition of the kernel (1.38) as
J
(n)
1 (A,B|z) ∼
∫
|τ |2(A+(n−1)g)|τ − 1|2(B+(n−1)g)K−ng1 (τ |z) d
2τ. (A.13)
Total factor in Eq (A.13) can be obtained by setting z = 0.
Five-point function. Now we consider integral for the five-point function
J
(n)
2 (A,B|z1, z2) =
∫ n∏
k=1
|tk|
2A|tk − 1|
2B|tk − z1|
−2g|tk − z2|
−2gD2gn (t) d
2~tn. (A.14)
Substituting D2gn (t) into Eq (A.14) in the form (A.6) and performing integration over the variables tk
using Eq (1.13) one can find the following relation between integrals J
(n)
2 and J
(n−1)
2
J
(n)
2 (A,B|z1, z2) ∼
2∏
k=1
|zk|
2(1+A−g)|zk − 1|
2(1+B−g)|z1 − z2|
2−4g×
×
∫ 2∏
j=1
|ξj|
−2(1+A)|ξj − 1|
−2(1+B)|ξj − z1|
−2+2g|ξj − z2|
−2+2g J
(n−1)
2 (A+ g, B + g|ξ1, ξ2)D2(ξ) d
2~ξ2.
(A.15)
If we apply relation (A.15) twice we obtain that
J
(n)
2 (A,B|z1, z2) ∼
2∏
k=1
|zk|
2(1+A−g)|zk − 1|
2(1+B−g)|z1 − z2|
2−4g×
×
∫ 2∏
j=1
|νj|
−2(1+A+g)|νj − 1|
−2(1+B+g) J
(n−2)
2 (A+ 2g, B + 2g|ν1, ν2)D2(ν) d
2~ν2
2∏
k=1
|ξk − ν1|
−2+2g|ξk − ν2|
−2+2g|ξk − z1|
−2+2g|ξk − z2|
−2+2gD2−2g2 (ξ) d
2~ξ2. (A.16)
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Integral in the last line of Eq (A.16) can be reduced to the two-dimensional integral using the following
identity8, which can be derived using Eqs (1.13) and (B.1)∫ 2∏
k=1
|ξk − ν1|
−2+2g|ξk − ν2|
−2+2g|ξk − z1|
−2+2g|ξk − z2|
−2+2gD2−2g2 (ξ) d
2ξ1d
2ξ2 = 2π
γ5(g)γ(2− 3g)
γ(2g)
× |ν1 − ν2|
4g−2|ν1 − z1|
4g−2|ν2 − z1|
4g−2
∫
|y − z1|
−2g|y − z2|
6g−4|y − ν1|
−2g|y − ν2|
−2g d2y. (A.17)
As a result of application of the identity (A.17) one obtains
J
(n)
2 (A,B|z1, z2) ∼
2∏
k=1
|zk|
2(1+A−g)|zk − 1|
2(1+B−g)|z1 − z2|
2−4g×
×
∫ 2∏
j=1
|νj |
−2(1+A+g)|νj − 1|
−2(1+B+g)|νj − z1|
4g−2 J
(n−2)
2 (A+ 2g, B + 2g|ν1, ν2)D
2g
2 (ν) d
2~ν2
|y − z1|
−2g|y − z2|
6g−4|y − ν1|
−2g|y − ν2|
−2g d2y. (A.18)
Now Eq (A.18) is stabilized. It means, that after applying relation (A.15) the auxiliary integrations can
be performed and remaining integral will have the similar form and only parameters in the integrand
will change:
J
(n)
2 (A,B|z1, z2) ∼
2∏
k=1
|zk|
2(1+A−g)|zk − 1|
2(1+B−g)|z1 − z2|
2−4g×
×
∫ 2∏
j=1
|νj|
−2(1+A+2g)|νj − 1|
−2(1+B+2g)|νj − z1|
6g−2
J
(n−3)
2 (A+ 3g, B + 3g|ν1, ν2)D
2g
2 (ν) d
2~ν2
|y − z1|
−4g|y − z2|
8g−4|y − ν1|
−2g|y − ν2|
−2g d2y. (A.19)
If we repeat this procedure n times we obtain that
J
(n)
2 (A,B|z1, z2) ∼
2∏
k=1
|zk|
2(1+A−g)|zk − 1|
2(1+B−g)|z1 − z2|
2−4g×
×
∫ 2∏
j=1
|νj|
−2(1+A+(n−1)g)|νj − 1|
−2(1+B+(n−1)g)|νj − z1|
2ng−2D2g2 (ν) d
2~ν2
|y − z1|
−2(n−1)g|y − z2|
2(n+1)g−4|y − ν1|
−2g|y − ν2|
−2g d2y. (A.20)
Using identities (1.13) and (B.2) integral in the r. h. s. of Eq (A.20) can be transformed to
J
(n)
2 (A,B|z1, z2) ∼
∫ 2∏
j=1
|νj|
2(A+(n−2)g)|νj − 1|
2(B+(n−2)g)|νj − z1|
−2(n−1)gD2(ν) d
2~ν2
|y − z1|
2(n−2)g|y − z2|
−2ng|y − ν1|
−2+2g|y − ν2|
−2+2g d2y. (A.21)
Eq (A.21) can be expressed in terms of integral with kernel (1.39)
J
(n)
2 (A,B|z1, z2) ∼
∫ 2∏
j=1
|νj|
2(A+(n−2)g)|νj − 1|
2(B+(n−2)g)K
−(n−1)g
2 (ν1, ν2|z1, z2)D
2g
2 (ν) d
2~ν2. (A.22)
8This simple integral identity reflects in particular the interesting fact that four-point correlation function of the
fields Φb/2 in GMM with central charge c = 1− 6(b− b
−1)2 (integral in the r. h. s.) coinsides up to a trivial factor with
four-point correlation function of the fields Φb′/2 in another GMM with central charge c
′ corresponding to b′2 = 1 − b2
(integral in the l. h. s.).
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m+ 3-point function. Simplification of the integral (A.3) for general m can be done in the same
way. Integral relations (A.8) and (A.15) can be generalized:
J(n)m (A,B|z1, .., zm) ∼
m∏
k=1
|zk|
2(1+A−g)|zk − 1|
2(1+B−g)
∏
i<j
|zi − zj |
2−4g×
×
∫ m∏
j=1
|ξj|
−2(1+A)|ξj − 1|
−2(1+B)
m∏
k=1
|ξj − zk|
−2+2g J(n−1)m (A+ g, B + g|ξ1, .., ξm)Dm(ξ) d
2~ξm. (A.23)
Applying this relation m times one can show, that integral stabilizes9. It means, that after the next
applications of the relation (A.23) it will have the same form (with shifted parameters A and B), but
with smaller number of integrations. A final formula will look similar to (A.13) and (A.22)
J(n)m (A,B|z1, .., zm) ∼
∼
∫ m∏
j=1
|νj |
2(A+(n−m)g)|νj − 1|
2(B+(n−m)g)K−(n−m+1)gm (ν1, .., νm|z1, .., zm)D
2g
m (ν) d
2~νm, (A.24)
where K∆m(ν1, .., νm|z1, .., zm) is given by Eq (1.36).
Appendix B. Useful integral identities
In this appendix we give without a proof useful integral relations, which permit to reduce essentially
the number of integrations in correlation function (1.41) and help to simplify calculation of correlation
functions.
Generalization of relation (1.13).
Instead of relation (1.13) sometimes it is convenient to use relation
∫
Dn(y)
n∏
i=1
n+m+2∏
j=1
|yi − tj|
2pj d2~yn =
n+m+2∏
j=1
γ(1 + pj)
∏
i<j
|ti − tj|
2+2pi+2pj×
×
∫
Dm(u)
m∏
i=1
n+m+2∏
j=1
|ui − tj|
−2−2pj d2~um, (B.1)
where
∑
k pk = −n− 1.
This relation generalizes well known star-triangle relation, which corresponds to the case m = 0
and n = 1. The equation for asymptotic (1.43) of the kernel (1.36) can be easily derived by successive
application of this relation. The same relation helps to establish the fusion procedure in the correlation
function (1.41).
The following identity can be used to prove the symmetry properties of the kernel (1.39)
∫
|t− ξ1|
2p1|t− ξ2|
2p2|t− ξ3|
2p3|t− ξ4|
2p4d2t =
4∏
k=1
γ(1 + pk)|ξ1 − ξ2|
2+2p1+2p2 |ξ3 − ξ4|
2+2p3+2p4×
×
∫
|s− ξ1|
−2−2p2|s− ξ2|
−2−2p1|s− ξ3|
−2−2p4 |s− ξ4|
−2−2p3d2s, (B.2)
9To do that one should use identity, which generalizes identity (A.17) for bigger number of ”external” points zi and
νj .
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where
∑
pk = −2.
This identity can be applied for any two pairs of points ξj (in Eq (B.2) they are chosen as ξ1, ξ2
and ξ3, ξ4). Applying it three times, we obtain relation (B.1) for m = 1 and n = 1.
Factorization property of the integral (1.41).
There is useful property of the integral (1.41)∫ n∏
k=1
|tk|
2A|tk − 1|
2BK∆n (t1, .., tn|z1, .., zn)D
2g
n (t)d
2~tn = Λk
n∏
j=n−k+1
|zj |
2(1+A+∆)|zj − 1|
2(1+B+∆)
×
∫ n−k∏
j=1
|tj |
2(A+kg)|tj − 1|
2(B+kg)K∆−kgn−k (t1, .., tn−k|z1, .., zn−k)D
2g
n−k(t) d
2~tn−k
∏
ij
|ti − yj|
−2g
k∏
j=1
|yj|
−2(1+A+(k−1)g)|yj − 1|
−2(1+A+(k−1)g)K
−1−∆+(k−1)g
k (y1, .., yk|zn−k+1, .., zn)D
2g
k (y) d
2~yk
(B.3)
with
Λk(A,B,∆) =
k−1∏
j=0
γ((n− j)g)
γ((j + 1)g)
γ(1 + A+ jg)γ(1 +B + jg)γ(1 + ∆− jg)
γ(2 + A +B +∆+ (m− 1− j)g)
.
This property allows to reduce essentially the number of integrations in the correlation function
〈V
−
m1b
2
(z1) . . . V
−
mkb
2
(zk)Vα1(0)Vα2(1)Vα3(∞)〉. (B.4)
Let us suppose, that m1 ≥ m2 ≥ · · · ≥ mk, then using factorization property (B.3) and Eq (B.1) one
can show that number of integrations N in correlation function (B.4) can be reduced up to:
N
2
=
[k/2]∑
j=1
j(m2j +m2j−1) +
mk(k + 1)
4
(1− (−1)k). (B.5)
In particular for m1 = m2 = · · · = mk = 1 the number of integrations (B.5) in correlation function
(B.4) is equal to
N =
k(k + 2)
2
+
1
4
(1− (−1)k). (B.6)
We note, that the number of integrations in Eq (1.41) for this correlation function is equal to k(k+1).
Analytical properties of the integral (1.29).
It is convenient to consider more general integral (integral (1.29) will correspond to: ξ1 = 0, ξ2 = 1,
ξ3 = z, p1 = A, p2 = B, p3 = C and g = −b2):
Jm(p1, p2, p3|ξ1, ξ2, ξ3) =
∫ m∏
k=1
|tk − ξ1|
2p1 |tk − ξ2|
2p2|tk − ξ3|
2p3D2gm (t) d
2~tm. (B.7)
This integral satisfies the following remarkable relations, which can be used for the analytical contin-
uation of Jm(p1, p2, p3|ξ1, ξ2, ξ3) as a function of parameters p1, p2 and p3. Namely, for any pair of
points ξj (for example ξ1 and ξ2) one has
Jm(p1, p2, p3|ξ1, ξ2, ξ3) = Gm(p1, p2, p3) |ξ1 − ξ2|
2m(1+p1+p2+(m−1)g)×
× Jm(−1 − p2 − (m− 1)g,−1− p1 − (m− 1)g,−1− p4 − (m− 1)g|ξ1, ξ2, ξ3) (B.8)
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with
Gm(p1, p2, p3) =
m−1∏
j=0
γ(1 + p1 + jg)γ(1 + p2 + jg)γ(1 + p3 + jg)γ(1 + p4 + jg)
where we have introduced the notation: p4 = −2 − p1 − p2 − p3 − 2(m− 1)g.
Applying this relation three times one obtains:
Jm(p1, p2, p3|ξ1, ξ2, ξ3) = Gm(p1, p2, p3)
∏
i<j
|ξi − ξj|
2m(1+pi+pj+(m−1)g)×
× Jm(−1 − p1 − (m− 1)g,−1− p2 − (m− 1)g,−1− p3 − (m− 1)g|ξ1, ξ2, ξ3) (B.9)
Considering the analytical properties of left and right hand sides of Eqs (B.8) and (B.9) one can
conclude, that function
J˜m(p1, p2, p3|ξ1, ξ2, ξ3) =
4∏
k=1
m−1∏
j=0
Γ−1(1 + pk + jg)Jm(p1, p2, p3|ξ1, ξ2, ξ3) (B.10)
is entire function of the parameters p1, p2 and p3 for all finite and not coinsiding points ξk. Similar
but more tedious relations can be derived also for the integral (1.32).
References
[1] A. M. Polyakov, Quantum geometry of bosonic strings, Phys. Lett. B 103, 207 (1981).
[2] V. S. Dotsenko, Three point correlation functions of the minimal conformal theories coupled to
2-D gravity, Mod. Phys. Lett. A 6, 3601 (1991).
[3] P. Di Francesco and D. Kutasov, World sheet and space-time physics in two-dimensional (su-
per)string theory, Nucl. Phys. B 375, 119 (1992) [arXiv:hep-th/9109005].
[4] A. B. Zamolodchikov, Three-point function in the minimal Liouville gravity, Theor. Math. Phys.
142, 183 (2005) [arXiv:hep-th/0505063].
[5] A. A. Belavin and A. B. Zamolodchikov, Moduli integrals and ground ring in minimal Liouville
gravity, JETP Lett. 82, 7 (2005) [Pisma Zh. Eksp. Teor. Fiz. 82, 8 (2005)].
[6] A. A. Belavin and A. B. Zamolodchikov, Integrals over moduli spaces, ground ring, and four-point
function in minimal Liouville gravity, Theor. Math. Phys. 147, 729 (2006) [Teor. Mat. Fiz. 147,
339 (2006)].
[7] I. K. Kostov and V. B. Petkova, Bulk correlation functions in 2D quantum gravity, Theor. Math.
Phys. 146, 108 (2006) [Teor. Mat. Fiz. 146, 132 (2006)] [arXiv:hep-th/0505078].
[8] I. K. Kostov and V. B. Petkova, Non-rational 2D quantum gravity. I: World sheet CFT, II: Target
space CFT, arXiv:hep-th/0512346, arXiv:hep-th/0609020.
[9] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite conformal symmetry in two-
dimensional quantum field theory, Nucl. Phys. B 241 (1984) 333.
[10] V. S. Dotsenko and V. A. Fateev, Conformal algebra and multipoint correlation functions in 2D
statistical models, Nucl. Phys. B 240 (1984) 312.
17
[11] V. S. Dotsenko and V. A. Fateev, Four point correlation functions and the operator algebra in
the two-dimensional conformal invariant theories with the central charge c < 1, Nucl. Phys. B
251 (1985) 691.
[12] V. A. Fateev and A. V. Litvinov, On differential equation on four-point correlation function in
the conformal Toda field theory, JETP Lett. 81 (2005) 594 [Pisma Zh. Eksp. Teor. Fiz. 81 (2005)
728] [arXiv:hep-th/0505120].
[13] M. Goulian and M. Li, Correlation functions in Liouville theory, Phys. Rev. Lett. 66 (1991) 2051.
[14] P. Baseilhac and V. A. Fateev, Expectation values of local fields for a two-parameter family of
integrable models and related perturbed conformal field theories, Nucl. Phys. B 532 (1998) 567
[arXiv:hep-th/9906010].
[15] H. Dorn and H. J. Otto, On correlation functions for noncritical strings with c ≤ 1 but d ≥ 1,
Phys. Lett. B 291 (1992) 39 [arXiv:hep-th/9206053].
[16] H. Dorn and H. J. Otto, Two and three point functions in Liouville theory, Nucl. Phys. B 429
(1994) 375 [arXiv:hep-th/9403141].
[17] A. B. Zamolodchikov and A. B. Zamolodchikov, Structure constants and conformal bootstrap in
Liouville field theory, Nucl. Phys. B 477 (1996) 577 [arXiv:hep-th/9506136].
[18] J. Teschner, A lecture on the Liouville vertex operators, Int. J. Mod. Phys. A 19S2 (2004) 436
[arXiv:hep-th/0303150].
[19] V. A. Fateev and A. V. Litvinov, Coulomb integrals in Liouville theory and Liouville gravity,
JETP Lett. 84, 531 (2007) [Pisma Zh. Eksp. Teor. Fiz. 84 (2006) 625].
18
